We consider the problem to single out a particular state among 2 n orthogonal pure states. As it turns out, in general the optimal strategy is not to measure the particles separately, but to consider joint properties of the n-particle system. The required number of propositions is n. There exist 2 n ! equivalent operational procedures to do so. We enumerate some configurations for three particles, in particular the Greenberger-Horne-Zeilinger ͑GHZ͒ and W states, which are specific cases of a unitary transformation. For the GHZ case, an explicit physical meaning of the projection operators is discussed.
Suppose ''Bob'' is told that ''Alice'' has prepared n twostate systems in a particular pure state among Nϭ2 n pure states. Assume further that these pure states correspond to a complete orthonormal basis of some N-dimensional Hilbert space. Both Bob and Alice know beforehand which basis is used. Bob's task is to find out which particular single one of the 2 n states Alice has chosen to communicate to him. The difference to a classical weighting problem ͑e.g., ͓1,2͔͒ associated with finding the correct number among 2 n ones encoded by n coins of two coin types is the entanglement of the quantum objects. That is, the information may be distributed over the objects in such a way as to make impossible its recovery by just looking at the individual objects. Thus the classical performance will not be improved but extended by the quantum case.
As can be expected, there exist efficient and expensive search strategies for such a task. The ''worst'' strategy ͑be-sides mere repetition͒ would be to check the proposition corresponding to each individual pure state, asking, ''is the system in state i?'' for iϭ1, . . . ,2
n . Yet, by exploiting the joint properties of the n systems, we may expect to reduce the complexity of Bob's task.
In what follows we shall thus deal with the following questions aimed at a systematic understanding of the state determination problem. ͑i͒ What is the minimal set of propositions ͑i.e., operationalizable yes-no statements͒ which singles out a particular pure state of n entangled two-state systems from other orthogonal pure states? ͑ii͒ How many different but equivalent sets of propositions can be defined? ͑iii͒ What is the explicit form and physical interpretation of the propositions associated with an arbitrary basis?
As it turns out, the number of propositions required for solving the problem can be reduced to n, which is an exponential gain with respect to the worst strategy just mentioned. This result is in agreement with Zeilinger's foundational principle stating that n elementary two-state systems carry n classical bits; i.e., the answer to at most n questions concerning their physical properties ͓3͔. In classical information theory a proposition is the yes-no statement settling a question with two possible answers. In standard quantum logic ͓4 -7͔, quantum propositions are identified with projection operators. The eigenvalues 0 and 1 of these projection operators are identified with the two possible yes-no answers, respectively.
Conversely, by assuming Zeilinger's principle, it should be possible to define n-particle quantum states by the set of eigenvalues associated with quantum-mechanical propositions. When choosing the ''optimal'' strategy, n propositions should suffice. However, one could also take an arbitrary number of consistent propositions. If these are not ''optimal'' in a well-defined sense, then this results in nonpure quantum states.
Consider a 2 n ϭN-dimensional Hilbert space of n particles in two states ͑labeled by ''1,'' ''2,'' or ''up,'' ''down,'' or ''ϩ,'' ''Ϫ,'' or whatever͒. The standard orthonormal basis is given by ͑superscript ''T'' indicates transposition͒
T ͖.
͑1͒
Let us first concentrate on an enumeration of all propositions which uniquely distinguish the N vectors that form an orthogonal basis of an N-dimensional vector space. This task corresponds to the construction of projection operatorswhich have some operational interpretation͑s͒ in terms of ͑quantum-mechanical͒ measurements-whose combined effect is the separation of each individual base state from all the other ones. In that respect, the measurement apparatus and the associated propositions act as filters which effectively generate a partitioning of some orthonormal basis into partitions which contain only single elements of that basis ͑i.e., one basis element per partition element͒. Formally, the projections induce an equivalence relation on the set of base states.
We shall impose the following requirements upon the propositions. ͑i͒ All propositions are comeasurable ͑i.e., the associated projections commute͒. ͑ii͒ Any single proposition separates half of the elements of the orthogonal base vectors from the other half; i.e., any proposition number of elements of a finite set x). ͑iii͒ For any two propositions F i ,F j , i j, the intersection of elements of the associated partitions f i , f j of some orthogonal basis reduce the size of the elements of the partitions by a factor of two. We shall introduce an optimal algorithm implementing these requirements which uses exactly n propositions to decompose every orthonormal basis of the N-dimensional vector space. It implements a binary search strategy which can be enumerated as follows: separate the first N/2 vectors from the second N/2. Then, within every such block, separate the first N/4 vectors from the second N/4. Iterate these procedures by reducing the block size by a factor of two in each step until blocks of size one are reached. This ''state sieve'' is an optimal search strategy in the sense that in general no shorter proposition system exists which separates each individual state of the standard orthonormal basis ͓15͔.
The explicit form of the operators are ͑''diag'' stands for a diagonal matrix͒ ͑2͒ ͑3͒ ͑4͒ and the orthogonal operators O i Јϭ1ϪO i . All these projections commute with one another. They are listed by the reverse lexicographic order of their diagonal elements. Their associated propositions can be stated as follows:
It is easy to verify that these operators are projection operators and that they mutually commute; i.e., O i O i ϭO i , ͓O i ,O j ͔ϭ0, for all i, j͕1, . . . ,N͖. Physically, this scheme amounts to a nondestructive successive and conditional measurement of the propositions O 1 , . . . ,O n , relating to, say, electron spins in external magnetic fields ͑cf. Fig. 1 for nϭ3͒. Bob needs just one copy of the state of N particles to find out Alice's selection.
Having now dealt with the question ͑i͒ of the minimal set of propositions for the problem and having partly discussed a particular case of question ͑iii͒, let us now turn to the question of how many equivalent systems of operators and propositions exist. Notice that only diagonal matrices containing 1s and 0s in the principal diagonal can be eigenmatrices of the standard orthonormal basis ͑1͒. Some of the permutations yielding 8!ϭ40 320 equivalent systems of three propositions are enumerated in Table I . The cascade of filters representable by projection operators ͑5͒-͑7͒ and interpretable as elementary yes-no propositions are depicted in Fig. 1 . Any permutation of these measurements yields the same partitioning of states. An arbitrary orthonormal basis of an N-dimensional vector space can be defined as the isometric transforms of the standard orthonormal basis ͑1͒. If the vector space is complex ͑i.e., C N ), these isometries are the unitary transforms. Furthermore, any basis change in C N from one orthonormal basis into another one can be represented by some unitary matrix U; i.e., ͉b i ͘ϭU͉e i ͘. The group of unitary transformations U(N) in N-dimensional Hilbert space has N 2 parameters. In the following we shall study this entire group rather than the transformations resulting from the combined effect of ͓U (2) (1ϩ 1x 2x 3x ). The propositions associated with these operators are as follows. O 1 corresponds to the statement that ''the spin of the first and the spin of the second particle are the same in the z direction.'' O 2 corresponds to the statement that ''the spin of the first and the spin of the third particle are the same in the z direction.'' O 3 corresponds to the statement that ''an even number of spins is pointing down when measured in the x direction.'' This result can be generalized to the case of n particles in a straightforward manner. Thereby, nϪ1 propositions characterize the relative spins of the particles, and also the nth proposition is the same as above.
Another, equivalent but permutated set of propositions was proposed by Cereceda ͓8,9͔: T 1 ϭ 1 2 (1ϩ 1x 2y 3y ), T 2 ϭ 1 2 (1ϩ 1y 2x 3y ), and T 3 ϭ 1 2 (1ϩ 1y 2y 3x ). Since the transformation matrix U GHZ remains the same, the projection operators differ from the previous ones ͑9͒-͑11͒ by a permutation of the propositional system ͑5͒-͑7͒ yielding equivalent, though not identical propositions. This can be explicitly seen by taking row permutations of the operators ͑5͒-͑7͒
O 2 ϭdiag͑0,1,1,0,0,1,1,0͒, ͑13͒
O 3 ϭdiag͑0,1,0,1,1,0,1,0͒, ͑14͒
The physical interpretations of T i ͓cf. question ͑iii͔͒ are as follows ͓8͔. T 1 corresponds to the statement that ''the product of the spin of particles 1, 2, and 3 along the axes x, y, and y, respectively, is equal to 1.'' T 2 corresponds to the statement that ''the product of the spin of particles 1, 2, and 3 along the axes y, x, and y, respectively, is equal to 1.'' T 3 corresponds to the statement that ''the product of the spin of particles 1, 2, and 3 along the axes y, y, and x, respectively, is equal to 1. ' ͕5,6,7,8͖͔, ͓͕1,2,5,6͖,͕3,4,7,8͖͔, and ͓͕1,3,5,7͖,͕2,4,6 ,8͖͔ of the original basis, respectively. ͑Any vertical permutation thereof would be equally suitable.͒ As before, all Q i can be given a direct physical interpretation in terms of ''clicks in a counter'' ͓12͔, but their meaning cannot be expressed in elementary statements.
In summary, we have shown that, given n quantized twostate systems, n propositions are enough to find and separate any individual pure state from others of an arbitrary orthogonal basis. There exist 2 n ! equivalent sets of n propositions achieving this. They all differ by permutations from one another. By considering the simplest case of the standard orthogonal basis, we have been able to explicitly construct these sets of propositions and their corresponding projection operators. Any other orthogonal basis system and the corresponding more general projection operators can be obtained from this standard orthogonal one by unitary transformations. We have explicitly discussed two equivalent solutions of the state determination problem for the GHZ-base states and mentioned the W state and more general cases. We conclude that the optimal strategy to single out particular states is in general based on a measurement of the joint properties of the particles rather than the properties of the individual particles.
